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Abstract 0 A mathematical analysis of the dynamic dialysis process is 
presented, demonstrating how the process can be applied generally to 
study competitive and noncompetitive binding between small molecules 
and macromolecules. A law of mass action model for competitive binding 
with independent sites and classes with equivalent sites (CIE) is con- 
sidered as a specific case without loss of generality. The escape profiles 
of two compounds are calculated to illustrate the effect of an increasing 
degree of binding competition. Noisy data are generated using the CIE 
model to test the presented method of estimating competitive binding 
parameters. The parameters estimated by the nonlinear regression 
technique came close to the true values, considering the degree of noise 
added to the exact dialysis data. A transformation. approach is presented, 
enabling initial estimates of the binding parameters in the CIE model 
to be determined by multiple linear regression, thereby eliminating the 
main problem in the nonlinear estimation. The presented method of 
analysis is extended to strongly bound compounds, which also bind sig- 
nificantly to the dialysis membrane. 

Keyphrases 0 Dynamic dialysis-mathematical analysis, competitive 
binding of small molecules to macromolecules studied 0 Models, 
mathematical-law of mass action for competitive binding with inde- 
pendent sites and classes with equivalent sites Binding, competi- 
tive-small molecules to macromolecules, mathematical analysis of dy- 
namic dialysis process 

Dynamic dialysis has proven valuable for characterizing 
interactions of small molecules with macromolecules such 
as drugs and proteins (1-11). Experimentally, it appears 
to be the simplest and most convenient method available 
for determining a complete binding profile (3), and its 
accuracy seems to be as good as equilibrium dialysis and 
ultrafiltration methods (3). The main disadvantages of 
dynamic dialysis are the inaccuracy introduced by the 
classical data treatment (9, 12), which requires differen- 
tiation of discrete data (3), and its limitation to molecules 
that do not bind or adsorb significantly to the dialysis 
membrane. However, both disadvantages recently were 
eliminated by a new approach in the data treatment 
(12). 

This paper presents a mathematical analysis that en- 
ables the dynamic dialysis process to be extended to the 
study of competitive binding between small molecules and 

macromolecules considering any mathematical model for 
such interaction. 

THEORY 

To illustrate the general approach, it is appropriate to consider a law 
of mass action model with competitive binding, independent sites, and 
equivalence between sites in the binding classes having multiple sites: 

-1 i = 1 ,2 , .  . ., M 
(Eq. 1) ki, 2 0  1 N M 

Vi = j s 1  C n,ki,ci [ 1 + m = l  kmjcm 

This model will be denoted the general CIE model, where V ,  is the number 
of moles of the ith small molecules (“ligand”) bound per mole of macro- 
molecule, n, is the number of equivalent binding sites in the j t h  class of 
sites, k ,  is the association constant for the i th compound’s binding to the 
j t h  binding class, c, is the free concentration of the i th compound, N is 
the number of binding classes, and M is the number of compounds 
competing in their binding to the macromolecule. Most frequently, M 
= 2. If M = 1, the CIE model reduces to the general (IE) model, dealing 
with the binding of one compound (12). 

Cases where the compounds compete in their binding to  certain, but 
not all, of the binding classes also are considered in the CIE model by 
allowing the association constants to take zero values (i.e., k,, 2 0). For 
example, Compound 1 may bind to  two classes of sites, and Compound 
2 may bind to two classes. If the two compounds only compete in their 
binding for one class (e.g., class two for Compound 1 is the same as class 
one for Compound 2), this situation is described by k l l >  0, k l z  > 0, k13 
= 0, k ~ 1  = 0, k22 > 0, and k 2 3  > 0. Thus, the actual number of classes is 
N = 3. 

According to ijt = ([c,] - c,)/P, where [c,] is the total (free plus bound) 
molar concentration of the i th compound and P is the total molar con- 
centration of macromolecule, Eq. 1 can be written: 

N M i = 1, 2, ,  . ., M 
(Eq. 2) [Ci] = ci [ 1 t P j = 1  c n,k,[ 1 + m = l  kmjc,,]-ll 

kij 2 0 
The dynamic process is characterized by the following relationship: 

d[Ci]/dt = -K& (Eq. 3) 

where Ki is the dialysis rate constant for the i th compound. Equations 
2 and 3 define the kinetics of dialysis. However, the use of these equations 
in their present form requires differentiation of discrete data, which in- 
troduces substantial errors in the determination of the binding param- 
eters (9,12). 

To avoid such errors, it is necessary to  eliminate the variables, ci, that 
cannot be measured directly by using a technique similar to  that pre- 
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sented previously (12). To do so, it is useful to introduce a set of variables, 
si, defined by: 

~i = -d[ci]/dt = Kici (Eq. 4) 

which, when substituted into Eq. 2, yields: 

i = 1 ,2 , .  . . , M (Eq. 5) 

For simplicity, and to demonstrate the generality of the following ap- 
proach, it is convenient to switch to a matrix-vector notation. The system 
of equations given by Eq. 2 can be represented by: 

ICI = f(e,c) (Eq. 6) 

where 6 is a vector containing the parameters in the model, [c] = ([cl], 
[CP], . . ., [ cM])~ ,  c = (c1, cz, . . . , C M ) ~ ,  and f = (fl, f2, . . . , fM)T is the 
vector of functions describing the relationship between [c,] and c. The 
variable c can, similarly to ci, be eliminated according to Eq. 4 so that Eq. 
6 becomes: 

[c] = f(8,Ds) (Es. 7) 

where D = diag (I/ISl, l/Kz, . . . , ~ / K M )  is the diagonal matrix containing 
the reciprocal of the dialysis rate constants and s = (s1, sp, . . . , S M ) ~ .  By 
taking the total differential of the i th row of Eq. 7, the following rela- 
tionship is obtained: 

(Eq. 8) 

which, for i = 1,2, . . . , M ,  yields a set of equations: 

These equations are recognized as a linear matrix-vector system: 

(Eq. 10) 

where J is the Jacobian matrix off with respect to s. Thus, the ijth ele- 
ment of the coefficient matrix is: 

dfi J . .  = - 
'I dSj 

Equation 10 can be rearranged to give: 

(Eq. 11) 

(Eq. 12) 

which, subject to: 

S = S O  a t t = O  (Eq. 13) 
constitutes an initial value problem that readily can be solved numerically 
using a well-established technique (13). 

RESULTS AND DISCUSSION 

The functional relationship between [c] and t is defined by Eqs. 7,12, 
and 13 in parametric form, with s as the parametric variable. To get [c] 
at t ,  Eq. 12 is integrated from t = 0 to time t and the obtained s is inserted 
into Eq. 7 to give [c]. The so = st=0 required in the integration is obtained 
from Eq. 7 by solving for SO corresponding to [cIt=o. Thus, the complete 
escape profiles ([c,] versus t )  can be calculated when the binding pa- 
rameters, 8, and the initial total concentrations, [c]~=o, are given. 

When 8 is to be determined by the nonlinear regression technique from 
dynamic dialysis data ([c] versus t ) ,  either [c]~-o or SO must be treated 
as additional unknown parameters to be determined simultaneously with 
8. The latter choice (80) is computationally most convenient, particularly 
if s cannot be expressed explicitly in terms of [c] and 6 in Eq. 7. The initial 
estimates of the elements of required in the curve-fitting procedure 
are simply obtained according to the definition of s (Eq. 4) as the absolute 
values of the initial slopes in the [ci] uersus t plots of the data. 

-3 t 
.' \ \ 

'\\ \ 
1 1 1 

0 2 4 6 8 
HOURS 

Figure 1-Theoretical escape curues describing the dynamic dialysis 
of two compounds competing in their binding to a macromolecular 
compound according t o  the CIE model (Eq. 2, M = 2 and N = I )  with 
one class of sites. The association constant for the two compounds 
binding to the common binding sites are kl (= kll) = 5 mM-' (middle 
curue) and kp (= kp1) = 10 mM-1 (upper curue). The Oroken straight 
line describes the first-order dialysis in the absence of the macromo- 
lecular compound. Figures 1-Sshow the effect of changing kz while all 
other parameters are kept constant: P = 0.145 mM, n (= nl) = 2, K 1 =  
K p  = 0.7 hr-l, and [c1lt-o = [C&O = 3 mM. 

These slopes would normally be determined by extrapolation. To avoid 
the inconvenience and errors of such extrapolations, it is convenient to 
define t = 0 a t  the first sampling time. Thus, there is no need to take 
samples at  the very beginning of the experiment, which is very convenient. 
The accuracy by which the initial slopes are determined does not affect 
the accuracy of the binding parameters since the slope values are only 
used as initial guesses for SO in the iterative nonlinear estimation. 

This treatment (Eqs. 6-13) is completely general and applies to any 
mathematical model for competitive or noncompetitive binding involving 
any number of interacting compounds. If the partial derivatives used for 
the Jacobian matrix (Eq. 11) are not available in an analytical form, they 
can be evaluated numerically; or if [c] is not expressed explicitly in the 
binding model as in Eq. 6, this can also be done numerically. Thus, the 
method is not restricted by the complexity of the mathematical model 
for the binding kinetics. 

To illustrate this general procedure, consider again the general CIE 
model (Eq. 2). For this model, the Jacobian matrix is assembled according 
to Eq. 11 using the following partial derivatives obtained from Eq. 5: 

i # u = 1,2, .  . . , M (Eq. 14) 

fl 

i = 1,2, .  . . , M (Eq. 15) 

For simplicity, consider the most common case, M = 2, with only two 
compounds competing in their binding to the macromolecule. The inverse 
of the Jacobian matrix is given by: 

(Eq. 
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Figure 2-Theoretical escape curues describing the  dynamic dialysis 
of two compounds competing i n  their binding t o  a macromolecular 
compound according t o  the  CIE model (Eq.  2, M = 2 and N = 1 )  wi th  
one class o f  sites. T h e  association constant for the  two compounds 
binding to  the common binding sites are k l  (= k l l )  = 5 m M - I  (middle  
curue) and kz (= k21) = 25 m M - '  (upper  curve). T h e  broken straight 
line describes the first-order dialysis i n  the  absence of the  macromo- 
lecular compound. 

which, when substituted into Eq. 12, yields the following differential 
equations: 

(Eq. 18) 

where the partial derivatives are given by Eqs. 14 and 15. 
The functional relationship among the experimentally available 

variables [ c l ] ,  [cp], and t is now given in parametric form (with s1 and sz  
as parameter variables) by Eqs. 5 and 14-18. The procedure by which this 
functional relationship is established is as follows. Equations 17 and 18 
are integrated numerically from t = 0 to time t ,  using an appropriate, 
well-established technique such as a Runge-Kutta or a multistep method 
(13). 

The obtained s1 and s:! values then are substituted into Eq. 5, i = 1,2, 
to give the [c l]  and [ c ~ ]  a t  that particular time t .  This two-step process, 
when repeated for various t values, defines the [ c I ] ,  [ c ~ ]  uersus t func- 
tional relationship. 

Having defined this relationship, a nonlinear regression technique can 
be used to estimate the binding parameters by simultaneous curve fitting 
to experimental [ C I ]  uersus t and [cp] uersus t dialysis data. The dialysis 
rate constant, K,, can be determined from In (c i )  uersus t plots in a sep- 
arate experiment in the absence of the macromolecular compound or i t  
can be determined directly by the nonlinear regression technique by 
considering K ,  as an unknown parameter (12). The initial estimates of 
[sl] t=o and [ S Z ] ~ = O  are obtained graphically as the absolute values of the 
initial slopes from plots of [c1] uersus t and [cq] uersus t. As explained, 
the accuracy of this estimation will not affect the accuracy of the esti- 
mated binding parameters. 

1 -4 
0 2 4 6 8 

HOURS 

Figure 3-Theoretical escape curues describing the  dynamic dialysis 
o f  two compounds competing i n  their binding to  a macromolecular 
compound according to the CIE model (Eq.  2, M = 2 and N = I )  with 
one class of sites. T h e  association constant for  the  two compounds 
binding t o  the  common binding sites are k l  (= k l l )  = 5 m M - 1  (middle  
curve) and kZ ( =  kzl )  = ZOO m M - '  (upper  curue). T h e  Oroken straight 
line describes the first-order dialysis i n  the  absence of the  macromo- 
lecular compound. 

Example of CIE Model with M = 2 and N = 1-To show the prac- 
ticality of this approach and to illustrate the dynamic dialysis behavior 
in a situation with competitive binding, the CIE model in its simplest 
form (M = 2 and N = 1) is now considered. The following equations are 
obtained from Eqs. 5,14, and 15 with M = 2 and N = 1: 

(Eq. 23) 

The dynamic dialysis behavior can now be calculated as discussed using 
Eqs. 17-24. Three escape profiles were calculated' (Figs. 1-3) with the 
following common parameters: P = 0.145 mM; n = 2; K1= Kz = 0.7 hr-l; 
[ c ~ ] t = o  = [ c z ] ~ = o  = 3 mM; k l  = 5 mJt4-I; and k z  = 10,25, and 100mM-l. 
The association constant, kz ,  for the competing second compound (top 
curves in Figs. 1-3) is the only parameter that  differs in the three 
cases. 

Calculations were done using an IBM 370 digital computer. The integration 
of the differential equations was done using a Runge-Kutta algorithm (14). The 
accuracy of the integration was checked by step reduction. The solution of Eqs. 19 
and 20 for for given values of [ r l ] t = o  = (c2Jl=o was done using the Newton algo- 
rithm. 
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Figure 4-Calculated variation o f  the  fraction of unbound form ( a  = 
c/[c]) of two compounds in  a dynamic dialysis cell where the compounds 
compete in their binding to a macromolecular compound according to 
the CIE binding model (Eq.  2, M = 2 and N = 1 )  with one class ofsites. 
The  association constant for the binding of the two compounds to the 
common binding sites are indicated on the curves. The  other parameter 
values are the same for the upper and lower graphs and identical to the 
parameters in Figs. 1 and 3, respectively. 

HOURS 

Semilogarithmic plots are used to illustrate the effect of binding on 
the escape of the two compounds from the compartment containing the 
macromolecular compound. If there is no binding, the escape would be 
first order and follow the broken line ()slope1 = K ) .  The increasing de- 
viation in the slopes of the two dialysis curves observed a t  decreasing 
concentrations is expected according to Eq. 4 because of the increased 
degree of binding a t  lower concentrations. This deviation becomes more 
pronounced for the second compound as its association constant in- 
creases. The association constant for the first compound is kept constant 
( k l  = 5 mM-') in all three cases. However, the deviation of its escape 
curve (the middle curves in Figs. 1-3) from that of the broken line be- 
comes less significant as the association constant of the second compound 
increases. This behavior agrees with the corresponding increased degree 
of displacement of the first compound as the binding of the second 
compound to the common binding sites becomes stronger. This pattern 
in the displacement is clearly seen when the fractions of unbound com- 
pounds, a ,  are plotted versus time (the upper and lower graphs in Fig. 
4 correspond to Figs. 1 and 3, respectively). 

Estimation of Competitive Binding Parameters:  A Simple Ex- 
ample-A binding parameter estimation situation was simulated by first 
calculating 2 X 11 exact dynamic dialysis data points equally spaced over 
8 hr, using the CIE model with M = 2, N = 1, P = 0.145 mM, n = 2, k l  = 
5 mM-', k p  = 10 mM-', [C&O = [c&o = 3 mM, and KI = Kp = 0.7 
hr-l. Random deviates from a Gaussian distribution with zero mean and 
various standard deviations were then added as errors to the exact data2. 
The standard deviations of the Gaussian distribution were chosen so that 
there was a 95% probability that the relative error would fall within f 5 %  
of the exact value. 

The CIE model was then fitted to the noisy data using a general non- 
linear regression program, FUNFIT, written for time-sharing use (16). 
The data were weighted inversely proportional to the observed [c] values 
according to the theory of least squares (17) since the standard deviations 

2 The deviates were obtained by the inverse method, using a uniform distribution 
pseudo-random number generator (15). 

Table I-Competitive Binding Parameters  Obtained from 
Simulated Dynamic Dialysis Data  Considering the  CIE Binding 
Model (Eq. 2, M = 2 and N = 1) 

k l ,  k2, 
n mM-1 mM-1 r 

True values" 2 5 25 - 

First nonlinear regression' 2.07 5.02 25.3 0.9998 
Second nonlinear regressiond 2 5.15 24.7 0.9997 

0 Values from which exact dynamic dialysis data were calculated and Gaussian 
noise added to simulate experimental data. b Values obtained by the approach 
described in the Appendix. These values were used as initial estimates in the first 
nonlinear regression. Values obtained by fitting simultaneously by least squares 
the two regression e uations defined by Eqs. 17-24 in dynamic and parametric form 
to [cl] uersus t andlcz] uersus t data (Fig. 5). Values were obtained as explained 
in footnote c,  but the value for n was fixed as a constant as the integer value closes 
to n in the first nonlinear estimation to agree with the binding model. 

Linear regression* 3.79 2.76 28.9 - 

of the errors were chosen proportional to the exact [c] values. I t  was as- 
sumed that the dialysis rate constants K1 and Kp were determined in a 
separate experiment in the absence of the macromolecular compound, 
so only n, k l ,  and k p  remained to he determined. 

The difficulty of obtaining good initial parameter estimates is often 
the main problem in nonlinear parameter estimation. Therefore, it would 
not simulate a real experimental situation to have a priori knowledge 
about the true parameters in the simulation study. I t  is shown in the 
Appendix how initial estimates can be obtained for the CIE model by 
the multiple linear regression technique. 

The initial estimates of nl ,  k l ,  and k p  were obtained in this way using 
Eqs. A12-Al4, and the estimates of [ S ~ ] ~ = O  and [spIt=0 were obtained 
graphically as discussed. Although the linear regression technique itself 
is not accurate enough to be used as a method for estimating CIE binding 
parameters, it appears to be valuable to get good initial estimates for the 
nonlinear estimation (Table I). 

The nonlinear regression technique demonstrated very g o d  agreement 

1.0 - 

0.5 - 

0 2 4 6 8 0 2 4 6 8 
HOIIaS 

Figure 5-Simultaneous nonlinear least-squares estimation of com- 
petitive binding parameters for two compounds competing in  their 
binding to  a macromolecular compound according to the CIE model (Eq. 
2, M = 2 and N = 1 ). The  2 X 11 dynamic dialysis data points are sim- 
ulated data with random Gaussian deviates added as noise (for details, 
see t ex t ) .  The  two regression equations f i t ted simultaneously by least 
squares to the [el] versus t and [cz] versus t data are defined in dynamic 
and parametric form by Eqs. 17-24, The estimated binding parameters 
are given in Table I .  
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between observed and calculated values of the dynamic dialysis data (Fig. 
5 ) .  The estimated binding parameters came close to the true values, 
considering the degree of noise added to the true data (Table I). 

The dynamic dialysis technique combined with the presented math- 
ematical treatment appears to be a generally applicable and very powerful 
tool for studying binding interaction between small molecules and 
macromolecules. However, before the technique can be applied, i t  is 
necessary to establish, in the absence of the macromolecular compound, 
that there is no interaction between the small molecules (e.g., no com- 
plexation), in which case Eq. 3 cannot be used. Furthermore, it must be 
ensured that the experimental conditions are such that the dialysis 
through the membrane is first order with respect-to the free form of the 
small molecules in the concentration range of interest (3). 

If one or more of the small molecules are highly bound, a significant 
binding to the dialysis membrane may be observed in the preliminary 
investigations not involving the macromolecular compound and this 
procedure cannot be applied directly. However, the Appendix shows how 
the method can be extended to include such interactions. 

APPENDIX 

Equation 5 can, after rearrangement, be written: 

S i  

which is recognized as a linear expression of the form: 

where: 

M 

m = l  
Ya = aor f 1 QrmSm i = 1,2 , .  . . , M 

P 

S i  

(Eq. A l )  

(Eq. A2) 

(Eq. A3) 

(Eq. A4) 

(Eq. A51 

Thus, multiple linear regression of y1 (i = 1,2 , .  . . , M) on sm ( m  = 1,2, 
. . . , M )  yields M ( M  + I )  regression coefficients, which are functions of 
the n’s, the k’s, and the K’s only. To evaluate y,, the K’s must be deter- 
mined in a separate experiment in the absence of the macromolecular 
compound so that only the n’s and k’s remain to be determined from Eqs. 
A4 and A5. The number of parameters is, therefore, N + ( N ) ( M )  = M ( N  
+ 1) to be determined from M ( M  + 1) equations (coefficients). 

The solution to this system requires that M ( N  t 1) I M ( M  + 11, i .e.,  
that  N I M ,  so the multiple linear regression approach cannot be used 
to estimate the n’s and k’s in a CIE model if the number of classes is more 
than the number of competing compounds. 

The solution of Eqs. A4 and A5 when N = M = 2 is given by: 
1 +- nl = - 

a l l K l  a21Kz 
1 1 

f lz=-t -  
a12K1 a22Kz 

1 
(Eq. A6) 

(Eq. A7) 

(Eq. A l l )  

where a,i and aim (i, m = 1, 2) are the constant term and the mth re- 
gression coefficient, respectively, obtained using the i th  regression 
equation defined by Eq. A2. In the specific example already considered 
(M = 2, N = 11, the initial estimates of the binding parameters were ob- 
tained using the following equations: 

ailKiKz(aiiazz - ~ 1 2 ~ 2 1 )  
kzi = ( a l l K 1 +  Q ~ I K ~ ) ( Q W , ~  - alzaoz)  

(Eq. A131 

(Eq. A14) 

where the second subscript of the k’s  and a’s has been dropped for sim- 
plicity since there is only one class of sites. The linear regression equation 
used in this case is y1=  a, + a l s l +  azsz, where y t  = p/(Kl[c~]/sl-  l ) ,  
from which a,l, a l ,  and a2 were determined using the noisy dialysis data 
([cl] and [CZ] uersus t ) .  The s1 and s~ values would usually be found by 
fitting an empirical equation3 to the dialysis data and differentiating this 
function to get s1 and s2 a t  the various observation times. However, in 
this simulation, the s1 and s2 values were obtained from the exacts values 
by adding errors in the same way as was done with the [cl] and [cz] 
values. 

If a small molecule binds to the dialysis membrane, it can often be 
considered as a Langmuir-type adsorption phenomenon ( 5 ) ,  which is 
mathematically analogous to binding to a single class of sites and is de- 
scribed by: 

- n *k ’c. ”i* =u 
1 + ki‘c, 

(Eq. A15) 

where 7,* is the amount of the i th  compound bound per amount of 
available membrane material and k;’ is an “association constant” for 
membrane binding. The quantity n,* does not have the same meaning 
as n previously defined but is introduced to establish a mathematical 
analogy. Equation A15 may also be written: 

(Eq. A16) 

where ( C b ) i  is the concentration of the bound form of the i th compound 
and: 

(Eq. A17) 

where w is the amount of membrane material available for binding, ui 
is the molecular weight of the i th  compound, and V is the volume of the 
dialysis compartment. Equation A16 can, according to Eq. 4, be writ- 
ten: 

n, *k, *s, 
K, + kl*s, 

k,* 2 0  (Eq. A18) ( c b ) t  = gi = 

where the function gi denotes the concentration membrane bound of the 
i th compound, which must be added tofi to get [ c i ] .  Therefore, when one 
or more compounds are bound (adsorbed) significantly to the dialysis 
membrane, the following two equations: 

(Eq. A191 [c] = f + g 

(Eq. A20) 

should replace Eqs. 7 and 12, respectively. For the sake of generality, the 
function gi may be any binding or adsorption model describing the 
membrane binding with or without competitive effects. The most accu- 
rate way of accounting for the effect of membrane binding is first to de- 
termine the membrane binding parameters (n* and k’ in this case) in 
the absence of the macromolecular compound in a separate experiment. 
These parameters can then be fixed as constants in the “correction term,” 
g, when fitting the corrected model (Eq. A19) to reduce the dimension- 
ality of the nonlinear estimation, thereby getting more reliable estimates 
of the remaining (variable) parameters. 

SYMBOLS 

aim = mth regression coefficient in i th linear regression equation (Eq. 
A2) used to obtain initial estimates of binding parameters n’s 
and k’s 

a,i = constant term in i th  linear regression equation (Eq. A2) used 
to obtain initial estimates of binding parameters n’s and k’s 

a, = a,l (see a,i) 
a1 = al l  (see aim) 
a2 = a21 (see aim) 

01 = fraction unbound (a = c i / [ c i ] )  

(Eq. A12) A spline function seems to be the best choice because of its desirable smoothness 
and flexibility (18). 
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ci = free (unbound) molar concentration of i th compound 
c = (c1, cp, . . . , C M ) ~  (see c j )  

[c , ]  = total (free + bound) molar concentration of i th compound 
[cl = ([ell, [czl,.  . . , [ c M I ) ~  (see [cJ 

(Cb) r  = “membrane bound concentration” of ith compound 
D = diag(l/KI, 1/Kz, . . . , I/KM) = diagonal matrix containing 

f ,  = function describing relationship between [ci] and c or [ci] and 

f = (/I, fz, . . . , ~ M M ) ~  (see fi) 
gi = function describing relationship between ( c b ) ,  and s, 
g = (gi, g z ,  . . . , g u ) T  (seegi) 
i = subscript (i = 1,2, .  . .) 
j = subscript (j = 1,2, .  . .) 

reciprocals of dialysis rate constants 

S 

J - = Jacobian matrix o f f  with respect to s <I> 
J,, = ijth element of Jacobian matrix 
ki, = association constant for i th compound’s binding to j t h  class 

ki = kil  (see ki;) 
of binding sites on macromolecule 

k;*  = membrane binding “association constant” of i th compound 
K ,  = dialysis rate constant for mth compound 

m = subscript (m  = 1,2, .  . .) 
A4 = number of compounds 
n, = number of binding sites in j t h  class of sites 

n;* = mathematical analog to ni in Langmuir-type membrane 
“binding” model 

n = nl (seen,) 
N = number of binding classes 
V ,  = number of moles of ith compound (“ligand”) bound per mole 

&* = amount of ith compound bound per amount of available 
of macromolecule 

membrane material 
P = total molar concentration of macromolecular compound 
0 = parameter vector containing elements such as nj, ki;, and P 

or other parameters used in the particular mathematical 
model f describing binding kinetics 

r = correlation coefficient 
s, = absolute value of slope in a [c i ]  uersus t plot at  time t .  This 

quantity is used as a parameter variable in the parametric 
representation of the variables [ci] and t 

s = ( S ~ , S P , .  . . , SM)T  (see si) 

SO = s evaluated a t  t = 0 
t = time 

T = transpose 
ui = molecular weight of i th compound 
u = subscript ( u  = 1,2, .  . .) 
V = volume of dialysis compartment 
w = weight of available membrane material 
yi = ith dependent variable in transformed set of linear regression 

equations (Eq. A2) used to obtain initial estimates of the 
binding parameters (n’s and k’s) by multiple linear regression 
technique 
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Abstract A sensitive, automatable high-pressure liquid chromato- 
graphic procedure is presented for the determination of steroid phos- 
phates. Quantitation is described for betamethasone sodium phosphate 
in dosage forms in the presence of polar excipients. The separation of a 
multicomponent mixture of steroid phosphates also is reported. 

Keyphrases 0 Betamethasone sodium phosphate-high-pressure liquid 

Steroid phosphates are highly effective anti-inflam- 
matory agents produced in ophthalmic, injectable, and 
solid dosage forms. Reported analyses utilize spectro- 
photometric procedures preceded by extraction and/or 

chromatographic analysis in dosage forms High-pressure liquid 
chromatography-analysis, betamethasone sodium phosphate in dosage 
forms Glucocorticoids-betamethasone sodium phosphate, high- 
pressure liquid chromatographic analysis in dosage forms Steroid 
phosphates, various-high-pressure liquid chromatographic analysis in 
dosage forms 

reaction methods (1-3). These procedures are time con- 
suming and relatively difficult. Two chromatographic 
methods have been reported: TLC of the methyl ester and 
ion chromatography (4,5). This laboratory previously used 
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